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We study the effects of quantum gravitational correction on the thermodynamics of black holes in 
the asymptotic safety scenario. Owing to the quantum-corrected Schwarzschild metric, the thermody-
namic quantities are also corrected and a Hawking–Page-type phase transition may exist. We also employ 
the concept of thermodynamic geometry to the black hole to characterize the phase transition. By intro-
ducing a cavity enclosing the black hole, we apply the spatially ﬁnite boundary conditions to further 
investigate the thermodynamic phase transition of the black hole. It is shown that the larger and small 
black holes are both locally stable according to heat capacity. According to free energy, we ﬁnd that 
the quantum-corrected black hole has similar thermodynamic phase structure to that of RN–AdS black 
hole. In addition, we also discuss the possibility of the phase transition between the black hole and 
the hot curved space. Above a certain temperature T0, the black hole is more probable than the hot 
space.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
The existence of black holes is a direct prediction of general rel-
ativity. They may arise from the gravitational collapse of matters 
and present event horizons which surround a singularity. More-
over, they may display themselves like thermodynamic systems 
due to the existence of Hawking radiation and the entropy. In 
fact, these results are obtained by a semi-classical approach which 
treats gravity as a classical theory while quantizing the matter 
ﬁelds [1]. The semi-classical approach implies that Schwarzschild 
black hole will eventually evaporate away via Hawking radiation, 
until its mass approaches zero with an explosion. This result is 
questionable because quantum gravitational effects cannot be ig-
nored at very small scales. In addition, there is another problem 
that the complete evaporation of black hole will lead to the famous 
“information paradox”. Although, until now, a complete theory of 
quantum gravity is not at hand, there are several different methods 
to derive the corrections to the semi-classical Hawking temper-
ature and the Bekenstein–Hawking entropy, such as the general-
ized uncertainty principle, noncommutative black holes, tunneling 
methods, back-reaction methods, asymptotic safety (AS), etc.
* Correspondence to: Institute of Theoretical Physics, Shanxi Datong University, 
037009 Datong, China.
E-mail address:mengsenma@gmail.com.http://dx.doi.org/10.1016/j.physletb.2014.06.006
0370-2693/© 2014 The Author. Published by Elsevier B.V. This is an open access article 
SCOAP3.In this paper we concentrate on the asymptotic safety sce-
nario for quantum gravity put forward by Weinberg [2], which is 
based on a nontrivial ﬁxed point of the underlying renormalization 
group (RG) ﬂow for gravity. Instead of the traditional perturbative 
renormalization, this scenario takes nonperturbative calculations to 
eliminate the divergencies in quantum ﬁeld theory. This intrigu-
ing picture implies a nonperturbative ultraviolet completion for 
gravity, where the metric ﬁelds remain the fundamental degrees 
of freedom. Most importantly, the low energy regime of classi-
cal general relativity is linked with the high energy regime by 
a well-deﬁned, ﬁnite, renormalization group trajectory. There are 
several excellent reviews on the topic of asymptotic safety in quan-
tum gravity [3–5]. By replacing Newtonian coupling constant with 
a “running” coupling, Bonanno and Reuter [6] ﬁrstly derived the 
renormalization group improved black hole metrics. It is shown 
that the temperature and entropy of the improved black hole will 
be corrected by some additional terms. In [7], the authors ﬁnd a 
spherically symmetric vacuum solution to ﬁeld equation derived 
from the AS gravity with higher derivative terms. Similarly, ther-
modynamic quantities of the black hole solution are also modiﬁed 
due to the inclusion of quantum gravitational corrections to the 
dynamics of spacetime.
In this letter, we will study the thermodynamics and the 
phase transition of the AS improved black hole derived in [7]
in order to explore the possible ultimate fate of an evaporating under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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Davies [8], who insists that the phase transition should turn up 
at the point where the heat capacities diverge. This characteris-
tic is also present in ordinary thermodynamic systems which ex-
hibits the second order phase transition. Subsequently, Hawking 
and Page [9] studied the thermodynamic phase transition in AdS 
space. Many researches on this topic from different perspectives 
have been carried out [10–24].
The paper is arranged as follows: we ﬁrst introduce the AS 
gravity model with higher derivative terms and give the quantum-
corrected vacuum solutions in Section 2. The corrected metric will 
lead to corrected thermodynamic quantities. In Section 3, we will 
calculate the temperature, entropy, energy and heat capacity. In 
Section 4, we study the thermodynamic curvature using the ge-
ometrothermodynamics. In Section 5, we discuss the phase transi-
tion of the AS improved black hole by putting it into a cavity. We 
will make some concluding remarks in Section 6.
2. Quantum-corrected black hole in AS gravity
We start with a generally covariant effective gravitational action 
with higher derivative terms involving a momentum cutoff p [7]:
Γp[gμν ] =
∫
dx4
√−g[p4g0(p) + p2g1(p)R
+ g2a(p)R2 + g2b(p)Rμν Rμν + g2c(p)Rμνσρ Rμνσρ
+ O(p−2R3)+ . . .], (2.1)
where g is the determinant of the metric tensor gμν , R is the 
Ricci scalar, Rμν is the Ricci tensor and Rμνσρ is the Riemann ten-
sor. The coeﬃcients gi (i = 0, 1, 2a, . . .) are dimensionless coupling 
parameters and are functions of the dimensionful, UV cutoff. The 
couplings satisfy the RG equations:
d
d ln p
gi(p) = βi
[
g(p)
]
. (2.2)
Assuming a static spherically symmetric metric ansatz and choos-
ing the Schwarzschild gauge
ds2 = − f (r)dt2 + f (r)−1dr2 + r2dΩ22 , (2.3)
and then substituting it into the generalized Einstein ﬁeld equa-
tions
G˜μν ≡ δΓp[gμν ]
δgμν
= 0, (2.4)
one can derive a Schwarzschild–(anti)-de Sitter-like solution
f (r) = 1− 2GpM
r
± r
2
l2p
, (2.5)
where Gp and lp are the gravitational coupling and the radius of 
the asymptotically (A)dS space, and both depend on the momen-
tum cutoff p.
It is shown in [7] that there are a Gaussian ﬁxed point in the 
IR limit and a non-Gaussian ﬁxed point in the UV limit. A central 
result is
g0  − (ΛI R + ηp
2GN)(1+ ξ p2GN)
8π p4GN
, (2.6)
g1  1+ ξ p
2GN
16π p2GN
, (2.7)
where GN and ΛI R are the values of the gravitational coupling and 
the cosmological constant in the IR limit which should be deter-
mined by astronomical observations. The parameters ξ and η are both related to the running couplings λ(p)g2a , λ(p)g2b , λ(p)g2c
at the non-Gaussian ﬁxed point. The coeﬃcient λ has the familiar 
logarithmic form which approaches asymptotic freedom
λ(p) = λ0
1+ 133
160π2
λ0 ln p/Mp
, (2.8)
where λ0 is a ﬁxed value of the coeﬃcient λ at the Planck scale, 
and Mp is the Planck mass.
For simplicity, we will omit the last term in Eq. (2.5) and only 
concern with the Schwarzschild-like solution in this letter, which 
corresponds to omitting the ﬁrst term in the Lagrangian.1 It is 
shown that the running gravitational coupling Gp is related the 
Newtonian gravitational coupling constant GN by
Gp = GN
1+ ξ p2GN . (2.9)
At high energy scale,
p(r)  2.663
(
M2
|λ0|
)1/8
r−3/4, (2.10)
thus,
f (r)  1− 625
512π
|λ0|1/4(Mr)1/2 (2.11)
which is singular-free at r = 0. However, the curvature singularity 
still exists due to divergent Rμν Rμν , Rμνρσ Rμνρσ .
At low energy scale, the momentum cutoff drop to the in-
frared (IR) limit, and p  1r . At this time,
f (r)  1− 2Mr
r2 + ξ (2.12)
where GN = 1 has been set for simplicity. The parameter ξ rep-
resents the quantum correction to the conventional Schwarzschild 
black hole. Obviously, when ξ = 0, the corrected metric will return 
back to the Schwarzschild one. Below we will study the thermo-
dynamics of the AS improved black holes based on Eq. (2.12). It is 
shown that owing to the quantum-corrected metric, the thermo-
dynamic quantities will also be corrected.
3. Thermodynamic quantities of the AS improved black hole
According to Eq. (2.12), two nondegenerate horizons exist due 
to the existence of ξ . The outer one is event horizon and the inner 
one is Cauchy horizon, which are
r± = M ±
√
M2 − ξ (3.1)
respectively. Obviously, there is a critical mass Mc = √ξ , where 
the two horizons will merge and equal to M , the mass of the black 
hole. This is the extremal case. To guarantee the existence of two 
real positive roots, there must be 0 ≤ ξ ≤ M2. Therefore, we set 
ξ = a2. Correspondingly, the mass parameter can be expressed as
M = r
2+ + a2
2r+
≥ a. (3.2)
1 We will discuss the complete expression, Eq. (2.5), in another paper. With the 
cosmological “constant”, Λp = 3l2p , the thermodynamic properties and critical be-
haviors of the AS improved black hole are very different from the case in this paper 
and more interesting. One can set the cosmological “constant” as a thermodynamic 
pressure as proposed by Dolan and Mann, et al. [19,21].
M.-S. Ma / Physics Letters B 735 (2014) 45–50 47Fig. 1. Hawking temperature as a function of the radius of event horizon. The solid 
(blue) curve corresponds to the conventional Hawking temperature of Schwarzschild 
black hole; the dotted and dashed curves correspond to the Hawking temperature 
of the AS improved black hole with a = 0.3 and a = 0.5 respectively.
The Hawking temperature can be easily obtained
T = f
′(r+)
4π
= − 1
4π
(
1
r+
− 2r+
a2 + r2+
)
. (3.3)
When the parameter a equals zero, the modiﬁed Hawking tem-
perature returns to the conventional one for Schwarzschild black 
hole. In Fig. 1, we plot the quantum corrected Hawking tempera-
ture and the conventional one for comparison. It is shown that the 
semi-classical black hole will blow up as the radius of the event 
horizon approaches zero, while the quantum corrected one never 
evaporate completely and its temperature vanishes when the mass 
of the black hole passes to the critical value Mc with r+ = a. When 
r+ < a, the temperature is negative. For black hole system it is 
meaningless. Thus, we require r+ ≥ a below.
As is shown in Fig. 1, there is also a maximum for the quantum 
corrected temperature, which should lie at the point satisfying
T ′H (r+) =
a4 + 4a2r2+ − r4+
4πr2+(a2 + r2+)2
= 0 (3.4)
namely, r+ =
√
2+ √5a.
From the expression of the horizons, the quantity a in Eq. (3.1)
behaves as a charge-like parameter in the RN black hole. We can 
take it as a new parameter in the black hole thermodynamics. 
Thus, the ﬁrst law of black hole thermodynamics is
dM = TdS + φda, (3.5)
where the φ is the conjugate thermodynamic potential of a. Below 
it can be shown that the inclusion of the variation of a in the 
ﬁrst law of black hole thermodynamics is necessary for the Smarr 
formula to hold.
According to Eq. (3.5), the entropy of the AS improved black 
hole can be derived
S =
∫
dM
T
∣∣∣∣
a
=
∫
1
T
∂M
∂r+
∣∣∣∣
a
dr+
= πr2+ + 2πa2 ln
r+
a
+ S0 (3.6)
where S0 is a function of a only, which can be decided by the 
boundary conditions and should tend to zero when a → 0. The ad-
ditional logarithmic term in the expression of the entropy indicates 
the quantum gravitational correction. As the parameter a → 0, the 
standard Bekenstein–Hawking area law will return.Considering the ﬁrst law of black hole thermodynamics and 
omitting the S0 in Eq. (3.6), we can also derive
φ = ∂M
∂a
∣∣∣∣
S
= a[2(a
2 − r2+) ln r+a + a2 + 3r2+]
2r+(a2 + r2+)
. (3.7)
According to Eqs. (3.2), (3.3), (3.6) and (3.7), one can easily verify 
that the Smarr formula still holds
M = 2T S + φa. (3.8)
The heat capacities at constant a can be given by
Ca = ∂M
∂T
∣∣∣∣
a
= −2π(a
2 − r2+)(a2 + r2+)2
a4 + 4a2r2+ − r4+
. (3.9)
It is clear that Ca will approach zero as the black hole tends to the 
extremal one and diverges at the point where the temperature of 
the black hole takes the maximum. According to Davies’ viewpoint, 
this means that there will be a phase transition at r+ =
√
2+ √5a
for the black hole.
4. Thermodynamic curvature
In this section, to characterize the phase transition of the AS 
improved black hole we employ a kind of geometric description of 
thermodynamics, geometrothermodynamics, which is put forward 
by Quevedo [25]. By incorporating the Legendre transformation 
into the geometric structure of the equilibrium space, a Legendre 
invariant thermodynamic metric can be constructed [26,27].
For the AS improved black hole, by considering the constant a
as a variable, we ﬁrstly express the ﬁrst law as
dS = 1
T
dM − φ
T
da (4.1)
and choose the entropy representation by using the entropy as 
the thermodynamic potential. We can introduce a ﬁve-dimensional 
phase space T with coordinates {Φ, Ea, Ia} = {S, M, a, 1/T , −φ/T }, 
where Φ is the thermodynamic potential, Ea and Ia represent the 
extensive quantities and intensive quantities respectively. In the 
equilibrium space E ⊂ T , the induced metric can be constructed
g =
(
Ec
∂Φ
∂Ec
)(
ηabδ
bc ∂
2Φ
∂Ec∂Ed
dEadEd
)
. (4.2)
In our case,
g = (MSM + aSa)
(−SMMdM2 + Saada2). (4.3)
According to Eq. (3.6), the entropy can be write as
S = π(√M2 − a2 + M)2 + 2πa2 ln (
√
M2 − a2 + M)
a
(4.4)
where we set the integration constant S0 = 0. Using Mathematica, 
one can easily obtain the components of thermodynamic metric
g11 = 16π
2r2+(−a4 − 4a2r2+ + r4+)C(r+,a)
(a2 − r2+)3
, (4.5)
g12 = g21 = 0, (4.6)
g22 = 4π
2C(r+,a)
(a2 − r2+)3
[
3a2 + 7a4r2+ + a2r4+ + 5r6+
+ 2(a2 − r2+)3 ln(r+/a)] (4.7)
where C(r+, a) = 2a2 ln( r+a ) + r2+ . Although the metrics diverge at 
the extremal point r+ = a, the thermodynamic curvature derived 
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hole in the range r+ ≥ a. We have set a = 0.5.
from them will not. A direct calculation shows that the thermody-
namic curvature is
R = − (r
2+ − a2)2
(a4 + 4a2r2+ − r4+)2C(r+,a)3
× D(r+,a)
K (r+,a)
(4.8)
where D(r+, a) is a very long expression, which does not inﬂu-
ence our result. We have put it in Appendix A for completeness. 
The another function K (r+, a) = π2[3a2 + 7a4r2+ + a2r4+ + 5r6+ +
2(a2 − r2+)3 ln(r+/a)]2, can also give a divergent point for the cur-
vature. The behavior of the thermodynamic curvature is shown in 
Fig. 2. The ﬁrst divergent point corresponds to a4 +4a2r2+ − r4+ = 0, 
which is just the maximum of TH as is shown in Eq. (3.4). There-
fore, this point is indeed a critical point where phase transition 
happens. Except that, there is another point where the thermo-
dynamic curvature diverges. The existence of the additional diver-
gent point maybe originates from considering the parameter a as 
a variable. In Appendix B, we give another heat capacity Cφ de-
rived from Cφ = ∂M∂T |φ . It is clear that the divergent point of Cφ
is different from the second one in the thermodynamic curva-
ture.
5. Phase transition of the AS improved black hole
It has been known for a long time that black holes in asymp-
totically AdS space can undergo a phase transition, which is the fa-
mous Hawking–Page phase transition. The metric (2.12) is asymp-
totically ﬂat. In asymptotically ﬂat spacetime the stable thermal 
equilibrium cannot be established well. Therefore, one should in-
troduce a cavity with a ﬁnite radius R in order to obtain a 
well-deﬁned thermodynamic canonical ensemble for the spacetime 
[28,29]. The cavity can play a similar role as the boundary in AdS 
space, thus there are also the small black hole and the large one 
and the phase transition between them. In this way, one can also 
analyze the phase structure of this black hole [30].
The local temperature detected by a static observer at the 
boundary of the cavity is [31]
Tloc(r+, R) = TH√
f (R)
= −
1
r+ −
2r+
a2+r2+
4π
√
1− R(a2+r2+)
r+(a2+R2)
. (5.1)
According to the local temperature, one can ﬁnd that for a given 
R there is a critical value a = a∗ where the two local extrema will Fig. 3. The local temperature and the heat capacity at the boundary of the cavity as 
functions of the radius of event horizon. We choose R = 10 and a = 1. The critical 
value of a is a∗ = 1.814. The divergent points are (rS = 2.175, T = 0.02770) and 
(rL = 6.459, T = 0.01999) respectively.
coincide. As is shown in Fig. 3(a), when a > a∗ , there are no local 
extrema and when a < a∗ , there are two local extrema. Below, we 
will show that the extrema of the local temperature correspond to 
the phase transition points.
It should be noted that the entropy of the black hole is still the 
expression, Eq. (3.6). In this case, we still consider the parameter ξ
or a as a constant. Thus, according to the ﬁrst law of black hole, 
dEloc = TlocdS , one can derived the local thermodynamic energy
Eloc =
S∫
S0
Tloc dS + E0
= a +
√
1+ a
2
R2
[
−
√
(r+ − R)(a2 − r+R)
r+
− a + R
]
, (5.2)
where dS = (2πr+ + 2πa2r+ )dr+ . Here E0 = a should be taken to 
obtain Eloc = M for the inﬁnite cavity. Now we can calculate the 
heat capacity at the ﬁnite boundary of the cavity,
Cloc = dElocdT
∣∣∣∣ = 4π(r2+ − a2)A(r+, R,a)B(r , R,a) (5.3)loc a,R +
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A(r+, R,a) =
(
a2 + r2+
)2
(R − r+)
(
a2 − Rr+
)
(5.4)
and
B(r+, R,a) = a4r+
(−2R2 + 11Rr+ − 8r2+)
+ a2r3+
(−8R2 + 7Rr+ + 2r2+)
+ a6(R − 2r+) + Rr5+(2R − 3r+). (5.5)
From Eq. (5.3), it is shown that the heat capacity will approach 
zero for the extremal case, namely r+ = a, while it will diverge 
at B(r+, R, a) = 0. As seen from Fig. 3, the divergent points of the 
heat capacity correspond to the extrema of the local temperature 
exactly. In fact, the denominator B(r+, R, a) of the heat capacity is 
just the nominator of T ′loc(r+). This result is consistent with the di-
rect result of C before. From Fig. 3(b), in the case of a > a∗ , it is 
evident that the heat capacity is positive for r+ > rL and r+ < rS , 
while it is negative in the intermediate range rS < r+ < rL . Thus 
the large and small black holes are both stable against perturba-
tion.
To get more information about the phase transition of the black 
hole, we should study the free energy from which one can ana-
lyze the global stability of the black hole system. The off-shell free 
energy of the black hole can be deﬁned as
F BHoff = Eloc − Tloc S. (5.6)
Because the AS improved metric is not Ricci ﬂat, the vacuum with-
out black holes at a zero temperature is no longer the Minkowski 
spacetime, but a hot curved space [30]. We will show that the 
hot curved space can decay into a large or small stable black hole 
according to the different temperatures. One can also calculate ap-
proximately the hot curved space at a temperature
F HSoff = −
2
3π
R∫
a
dr
r2
f (r)
∞∫
0
dE
[E2 − f (r)m2]3/2
eβE − 1
= −2π
3
135
(
R3 − a3)T 4 + O(m2). (5.7)
In the both expressions, Eq. (5.6), Eq. (5.7), the temperature T
is taken into account as a variable. The variations of F BHoff and F
HS
off
with respect to temperature T have been shown in Fig. 4. It can be 
shown that the thermodynamic behavior of the AS improved black 
hole is similar to that of RN–AdS black hole [32]. We ﬁx the value 
of R as R = 10. Fig. 4(a) shows the case of a = 0, which corre-
sponds to the Schwarzschild–AdS black hole. As drawn in Fig. 4(c), 
above the critical a∗ there is only one branch of the free energy. 
As the temperature increases, the black hole smoothly grows from 
a small state to a larger black hole state. When a < a∗ , it is shown 
in Fig. 4(b) that as the temperature increases the free energies of 
the small black hole and the larger one both decrease. They will 
cross at a point, after that the larger black hole has the lower free 
energy, thus should be globally stable. In this time the small black 
hole is local stable. It is clear that the free energies of the larger 
and small black holes are both smaller than that of the intermedi-
ate state, which means that the intermediate black hole is indeed 
unstable. It will eventually transit into the larger or small black 
hole. In Fig. 4, we also plot the free energy of the hot curved space. 
Obviously, in either case, the F–T curves of the black hole and 
the hot curved space will intersect at a certain temperature T0. 
Above T0 the larger black hole has much lower free energy than 
the hot curved space, which means it is thermodynamically pre-
ferred. While, below T0 the hot space is more probable than the 
black hole because of its lower free energy.Fig. 4. The free energy F of the AS improved black hole as functions of tem-
perature T . The curve in (a) corresponds to R = 10, a = 1, which is in fact the 
Schwarzschild–AdS black hole. The two curves in (c) correspond to R = 10, a = a∗ =
1.814 (the solid curve) and R = 10, a = 2.5 (the dotted curve). The thick dashed 
lines (red), which are actually curves below the horizontal axis, correspond to the 
free energy of the hot curved space.
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In this paper we studied the thermodynamics and phase transi-
tion of the quantum-corrected black hole obtained in an AS gravity 
model with higher derivative terms. Owing to the inclusion of 
the quantum gravitational corrections, the Schwarzschild metric is 
corrected. Correspondingly, the thermodynamic quantities are also 
corrected. From the corrected temperature, one can ﬁnd that the 
black hole no longer evaporates completely, but ends at zero tem-
perature with some remnants. The entropy is corrected by an addi-
tional logarithmic term, which reﬂects the effect of quantum grav-
ity. Through the calculation of the heat capacity, it is shown that 
there is a critical point where the heat capacity diverge and phase 
transition may happen. Moreover, we employ the geometrother-
modynamics of Quevedo to analyze the phase transition of the AS 
improved black hole. The divergence of the thermodynamic curva-
ture means a phase transition indeed happen at the point where 
the Hawking temperature takes extrema.
Introducing a cavity encompassing the black hole to obtain a 
well-deﬁned canonical ensemble, we studied the local thermody-
namic quantities. In this time, the thermodynamic behaviors of the 
system is relevant to the parameter a. There is a critical value, a∗ , 
below which a kind of small/larger black hole phase transition can 
exist. According to the heat capacity, one can see that the larger 
and small black holes are both locally stable, while the intermedi-
ate black hole between them is unstable. From the free energy, we 
give a global analysis of the stability for the black hole. It is shown 
that the larger black hole is more stable than the small one, which 
means a Hawking–Page-like phase transition. Moreover, above a 
certain temperature T0, the free energy of the larger black hole is 
even lower than that of the hot space, which means in this case 
the larger black hole is globally stable. While, below the tempera-
ture T0, the black hole may end up with the hot space.
It should be noted that in this letter we only studied the AS 
improved black hole without the cosmological constant. Inclusion 
of the cosmological constant makes the thermodynamics and criti-
cal behaviors more interesting. Moreover, critical exponents should 
also be calculated to verify its universality. We will discuss these 
contents in the next works.
Acknowledgements
The author will thank the anonymous referee for providing 
constructive comments and help in improving the contents of 
this paper. The author also would like to thank Professor Ren 
Zhao for useful discussion. This work is supported by NSFC un-
der Grant Nos. (11247261, 11205097) and the Natural Science 
Foundation for Young Scientists of Shanxi Province, China (Grant 
No. 2012021003-4).
Appendix A
D(r+,a) = 6a18 + 57a16r2+ + 188a14r4+ + 245a12r6+
+ 170a10r8+ + 325a8r10+ + 224a6r12+ − 269a4r14+
+ 52a2r16+ + 8a2r2+
(
a2 − r2+
)2[
6a10 + 23a8r2+
+ 40a6r4+ − 30a4r6+ + 10a2r8+ − r10+
]
ln3(r+/a)
+ 4[12a18 + 66a14r4+ + 201a12r6+ − 501a8r10+
+ 314a6r12+ − 97a4r14+ + 4a2r16+ + r18+
]
ln2(r+/a)
+ 2[3a18 + 18a16r2+ + 23a14r4+ + 138a12r6+
+ 647a10r8+ + 428a8r10+ − 543a6r12+ + 322a4r14+
− 2a2r16+ − 10r18+
]
ln(r+/a) + 26r18+ .Appendix B. Heat capacity, Cφ
M
(
r+(T , φ), T
)= r+
4πr+T + 1 , (B.1)
Cφ = ∂M
∂T
∣∣∣∣
φ
= ∂M
∂T
∣∣∣∣
r+
+ ∂M
∂r+
∣∣∣∣
T
∂r+
∂T
∣∣∣∣
φ
, (B.2)
∂M
∂T
∣∣∣∣
r+
= − 4πr
2+
(4πr+T + 1)2 , (B.3)
∂M
∂r+
∣∣∣∣
T
= 1
(4πr+T + 1)2 , (B.4)
∂r+
∂T
∣∣∣∣
φ
= r+
N(r+, T )
[(
16π2r2+T 2 + 4πr+T − 1
)
ln r+ − 1
]
(B.5)
where
N(r+, T ) = T
[(−16π2r2+T 2 − 4πr+T + 1) ln r+
− 16π2r2+T 2 + 2
]
. (B.6)
Thus one can directly calculate
Cφ = 2π(a
2 + r2+)2
a2 − r2+
× −a
4 + 4a2r2+ + (a4 + 4a2r2+ − r4+) ln r+ + r4+
a4 + 6a2r2+ + (a4 + 4a2r2+ − r4+) ln r+ + r4
.
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